
 

MATH 2028 Stokes and Divergence Theorem in 1133

Goal Statements of Stokes and DivergenceTheorems
and their applications

Recall Green's Theorem in R
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Qe Is there a similar theorem in 1133

E Yes

Stokes Theorem

Let S E 1133 be a surface with boundary C 25

Which is positively oriented ie S lies on the left

of C Then for any C vector field F defined
in an open set of 1123 containing Su C we have
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Remark 1 25 may consist of more than one

boundary curves

as c van
2 The orientations of C and S are compatible
in the sense that f T v n forms a

standard orthonormal basis of IR3 satisfying
the right hand rule

T tangent to C
U tangent to 5 but

U
normal to C and

points into SC 2
T h normal to S



Example 1 Compute cure F n'do for

the vector field F Cx y z z y Xt z City

and the surface S given by the paraboloid

2 4 x y with O E Z E 4

Solution Method 1 Direct calculation
2

Parametrize S by
ri g un u u 4 u J
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A where u't V's 4
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Zf IS 24 Zvi E points upward
and outward

On the other hand correct orientation
e ee e3

curl F det Ey C 2 2 2

Z y xtz City



Therefore

Cure F I do ff C 2 2,2 Zu 2v 1 dudu

n'tie41

ff 4u 4v 2 du du

n'tie41

f 4rcosut4rsinutz rdr do

f 32g wsu 331 since 14 do
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Method 2 Apply Stokes Theorem

cure F I do f F dir

C

Parametrize C with correct orientation

by Jct 2 cost 2 Sint 0

where o E t E 2T



Then 8kt 2 Sint 2 cost o

Fo 8 t 2 Sint 2 cost 2 cost 2 Sint

F di Forty 8kt dt

4 sin't 4 wit dt

SIT SAME answer
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Suppose two surfaces 51 Sz in IR are bounded

by the same curve C and lie on opposite sides

of C THEI by Stokes Theorem

Fdir Cure F I do cure Finds f F di
252

2

since 25 Cs

and 252 C



Note that Green's Theorem can be regarded
as a special case of Stokes Theorem by

viewing the plane BZ as the xy plane in IR

B S E R2 f 2 of

F X y z Pax y Q ix g o

F are F det EL
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o o ZF Ff
Note that I o.o 1 is the Co unit

normal to S Hence by Stokes Theorem

F DE cure F in dr

If If dA

Which is exactly Green's Theorem



Now we look at another fundamental

theorem of calculus in IRS

Divergence Theorem

Let ME 123 be an open set bounded by
a closed surface S 2N oriented by the

unit normal in pointing out of R THIEN

for any C vector field F defined on an

open set containing FL we have

F I do Iff div F du

rL

5 21

Tom



Remark 1 The theorem still holds when 5 252

is only piecewise smooth leg A cube

2 There is a version of Divergence Theorem

in IR in fact in IR

Example 2 Compute the flux F Fdr

for the vector field F Cx y Z Cx y 22

and the unit cube S Co I x Co I Co I

oriented by the outward pointing normal

Solution Method 1 Direct computation
rZ

Write S as the union of 6
S

Sz S6 1 flat pieces and compute the

S4
s flux over each piece
2 y

lO
x 55



On Si X O O E Y Z E I

F I f 1 o o pointing out of cube

F in

Therefore ff F is dr ff c x'I do O

S S

O h S2 X I O E Y Z E I

F I f 1 O o pointing out of cube

F in

Therefore F is dr x'do I
2 2

Similarly we can compute

F is dr F is dr O

3 5

F is dr F is dr I

4 6

Hence the total flux F I do 3



Method 2 Apply Divergence Theorem

div F x t FyCy's E 21 9 t Z

F is dr µ div F IV

fofofo z City z dx dy de

3
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Example 3 Compute the flux of the vector field

F X y z over the spheres of radius a 0

centered at the origin oriented by outward

unit normal n

S xky.kz a2
Solution Tn ta x Y Z p

F I do a do 4ta3
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